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Abstract 

Q\ 

We show that the potential of the scalar field in the Einstein frame is flat if the non-minimal 

O 

coupling term is properly chosen so that it satisfies the condition (V (4>) / K 2 ((/)) — > constant) as (f) 

> 

gets large. The cosmological implication of this theory is studied. 
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I. INTRODUCTION 



In particle physics models, inflation takes place when a scalar field, dubbed the inflaton 
field, can dominate the energy density of the universe jT](also see Ref. [2]). Under the 
slow-roll condition, the curvature perturbation is produced in a nearly scale-invariant way. 
The theory can be heavily constrained by the measurements of the anisotropics of the Comic 
Microwave Background (CMB) and the observations of the large scale structure [3]. The 
slow-roll condition is that the inflaton potential must be very flat so that the effective mass 
of the inflaton should be very small. In model building, the biggest question is the origin of 
the flatnees. That is what we want to find a clue to by considering the nonminimal coupling 
term. 

Let us start with a theory that does not include the non-minimal coupling term. The 
theory is nothing but the original general relativity, which can be nicely described by the 
Einstein-Hilbert action 

(1) 

Here, the dimensionful parameter M has been introduced to fit the overall dimension of the 
Einstein-Hilbert action. The value of the mass parameter is precisely determined by the 
Newton constant: M = 1/y/G. 

Now let us try to extend the theory by including a scalar field. For the moment, let us 
take the scalar field as a gauge singlet so that we can write its kinetic and potential terms 
in a simple way: 

(2) 

One thing is that, once we have a scalar field, the term M 2 has exactly the same mass 
dimension as the square of the scalar field, 2 , so that we may add this term in the action 
without spoiling the spirit of the effective field theory: any term that is allowed by the 
symmetry of the theory has to be introduced if the term has the same mass dimensions as 
the other terms. If the scalar is not a singlet field, but a multiplet field, the nonminimal 
term should read <jxp* = \<f)\ 2 . 
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This is the theory that we want to consider here jH [5] . 

The goal of the study is to clarify the issue of the recent paper by Bezrukov and Shaposh- 
nikov (BS) [6] where the authors reported the very interesting possibility that the standard 
model Higgs field with the nonminimal term can give rise to successful inflation [Sj. We 
extend the possibility by generalizing the form of the nonminimal coupling term by introduc- 
ing a generic function K{<p). Actually, the models of chaotic inflation with nonzero a have 
been considered in various different contexts [9j QUI El CGI CLU dU [15] . The authors showed 
that the Higgs potential, which should be defined in Einstein frame, is nearly flat in the 
large-field limit. Here, the authors required from the COBE data U/s = (0.027Mpi) 4 that 
the ratio between the quartic coupling of the Higgs field (A) and the nonminimal coupling 
constant (a) should be small, \j\jd 2 ~ 1CT 5 . 

In the next section, after reviewing the idea of BS, we generalize the idea by generalizing 
the form of the gravity-scalar coupling term in a nonminimal way (K(<f))R). Then, we will 
read the general condition for getting the flat potential or the slow-roll condition. In Sec. 



Ill , we work out the monomial case with the functions K ~ a(j) m and V ~ Xcj) in detail 



II. THE HIGGS BOSON AS THE INFLATON AND ITS GENERALIZATION 

Let us review the main idea of BS. BS consider a theory in the Jordan frame as follows: 

M 2 + acf 2 _ {d<P) 2 



Sj = Id x^g 



-R+^r^-V((j)) 
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The scalar potential is V(<p) = A/4(0 2 — v 2 ) 2 so that the electroweak symmetry breaking is 
triggered by the nonzero vacuum expectation of the Higgs field. M ~ Mp\ is given in the 
parameter region 1 < a<C (Mpi/ (0)) 2 . They showed that one can transform to the Einstein 
frame in which the graviton kinetic term is canonical. The transformation is conformal: 

9n» -> 9% = e 2w g^, (5) 

where g E is the metric in the Einstein frame and the conformal factor is defined as e 2uj = 
1 + a<f) 2 /Mp\. The action in the Einstein frame provides the physical Higgs potential 

U{h{4>)) = e~^V(<P) (6) 



where the canonically normalized scalar field h is defined by the derivative 



dh e 2 " + Qa 2 (f) 2 /M } 



pi 



e 4u 



(7) 



The numerical coefficient '6' comes from the conformal transformation of the 
Ricci scalar, R — > e~ 2w (R — 6V 2 u; — 6(du)) 2 ). In D dimensions, R — ► 
e -2u, ( R _ 2 (p _ i)v 2 tu — (D — 2)(D — l)(dco) 2 ) in general. Now let us take a "large field" 
h 3> Mpi/^/a, the potential in eq|6]can be recasted as 

AM 4 



It is clear that the potential becomes very flat in the large-field limit. BS found that if 
the coefficient of the nonminimal coupling, a, is tuned, this potential really reproduces the 
current observational data. The fitted value is \J\/a 2 = 2.1 x 10 -5 . As seen in Eq. |8j the 
flat potential is not directly related to the actual vacuum expectation value at low energy. 
Indeed, inflation takes place in the large-field region, which should be independent of the 
details of the low-energy values as with the usual effective field theories. 

Now, let us generalize the model with nonminimal coupling K(jp) and the scalar potential 
V{<f>). The action in Jordan frame is given as 



S = j d^Xy/^g 
Taking the Einstein metric, 



i ) 



2 2 



(9) 



ft*--**, e-=^±?M, (10) 



the action in the Einstein frame becomes 



(11) 



We should redefine the scalar field in such a way that the field is canonically normalized in 
the physical frame. 



M 2 + K{<f>) 2 (M 2 + K{(j))) 2 w ' K ' 
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Finally, the scalar potential is given as 



/If 4 

u= m*ms? m - (13) 

The potential will be flat if the condition 

V 

lim — = Const > (14) 

<£->oo K 2 

is satisfied because U oc The condition K(<f>) 3> M 2 for ^> M is required for 

the potential to be bounded from below, and the location of the global minimum is well 
localized around the small field value. 



III. MONOMIAL CASE: K ~ 4> rn 

The simple case we can think of is a monomial function. Let K(4>) be a monomial as 

K{4>) = a<f) m , (15) 

where a is a dimensionful constant because [K] = 2. In order to get the flat potential in 
large <fi region in the Einstein frame, the original scalar potential in the Jordan frame should 
be written as 

V = —(P 2m . (16) 



In this case, U is written as 



In the large-0 region, the relation in Eq. 12 between and h is written as follows: 

• m = 1 

dh Mpi 1 a 2 . . 

• m = 2 

— = \/6 + l a—— , = — =■ exp - = . (19) 

d(j) V 7 v/6 + l/aMp! V ; 
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m > 3 



dh 
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2 6 ' 
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Now, we are ready to consider the cosmological implications of the model. 

The slow-roll parameters are defined by using the scalar potential in the Einstein frame, 



Eq. 13, and the canonically normalized scalar field h as 



M| f dU/dh Y 
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(21) 



In our model, these parameters are calculated in the large-0 region by using eqs. 17 and 
MM as 
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The end of inflation is fixed by the condition e = 1. The values of h and <fi at this point 
are denoted by /i en d and en d respectively. In the slow-roll inflation, the number of e-foldings 
is expressed as 

i r ho u 



N 



A end dU/dh 



(23) 



In our model, N is calculated as 
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4M 2 (^0 
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In order to get 60 e-foldings, we should solve iV = 60 and get 6O . Let us assume 6O 4>1 a ^- 
Then, we obtain the value 4>qq as 
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The spectral index n s and the tensor-to-scalar ratio r can be calculated as 



(25) 
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In our model, these values are expressed (using Eq. 22 and Eq. 25 ) as 

(m = 1) 
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where the dimensionless parameter ao is defined as 



a>o = aM 



m-2 



(28) 



In Fig. [Tj we plotted the spectral index (ng) and the tensor-to-scalar perturbation ratio 
(r) for values of ao- The number of e-foldings is fixed at N = 60. For the monomial cases 
with m = 1 and m = 2, the spectral index becomes larger but the tensor-to-scalar ratio 
becomes smaller. For large a ~ 4ir, the values of the spectral index and the tensor-to-scalar 
ratio are saturated to 0.9745(0.965) and 0.0007(0.003) for m = l(m > 2), respectively. 
Notice that when m > 3, the spectral index and r are independent of ao and are given as 
0.965 and 0.003, respectively. This corresponds to the circle at the tip of the plot for m = 2. 

The amplitude of the scalar perturbation is another nice observable: 



6p 



JJ3/2 



1.91 x 10" 



(29) 



P 5V3HM Pl U' 
This gives a constraint for the parameters 

^ = (0.027M P1 ) 4 . (30) 

In our model, the constraint is written, with the dimensionless parameter Aq = XM 2m ~ 4 



as 



follows. 
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(m > 3). 



(31) 



One should notice that the smallness of the values can be understood in terms of compact- 
ification once the theory is embedded in higher dimensions. This will be discussed in a new 

paper in the future. One should note that the condition ~ 10~ 5 is universally required 

V a o 

to fit the observational data. 
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IV. CONCLUSION 



We studied inflationary scenarios based on nonminimal coupling of a scalar field. Taking 
a conformal transformation, the scalar potential in the Einstein frame is found to be flat 



in the large-field limit if the condition in Eq. 14 is satisfied. This is the main result of this 



paper. This model is constrained by cosmological observations. The spectral index, the 
tensor-to-scalar perturbation ratio, and the amplitude of the potential are nice observable 
quantities for us to be able to compare the theory with the data. We considered the case with 
a monomial function K ~ <f) m and showed that this class of models is in good agreement 
with the recent observational data: ris — 0.964 — 0.975 and r ~ 0.0007 — 0.008 for any 
value of m. In Fig. [TJ the predicted values for ns and r are given in the observational 
bound. We read out the condition for fitting the observed anisotropy of the CMBR by 
which essentially the amplitude of the potential is determined. The condition does not look 



natural (\J\/a? ~ 10~ 5 ) at first sight, but we may understand this seemingly unnatural 
value once we embed the theory in higher dimensional space-time. The Details of the 
higher-dimensional embedding of the theory will be discussed in a separate paper [16J. 
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FIG. 1: The spectral index n s and the tensor-to-scalar perturbation ratio r are depicted with the 
various values of clq and the power of the non-minimal coupling m in K(<ft) ~ 4> m . 
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